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Pure fluids and mixtures of species that hydrogen bond behave differently from
systems that interact only through dispersion forces. The deviations from classical
behavior often are sufficiently large that conventional equations of state and activity
models cannot be used without the introduction of large, condition-dependent em-
pirical parameters. Consequently, three different classes of theories have been de-
veloped specifically to treat hydrogen-bonding systems. The first is based on the
assumption that when molecules hydrogen-bond, they react to form new species
and consequently is referred to as ‘‘chemical’’ theory. The second is based on lattice-
Sfluid theory that is used to describe different types of specific interactions and is
known as ‘‘quasi-chemical’’ theory. The last is based on the solution of integral
equations using a potential function that mimics that of a hydrogen bond. It is
shown here that these three approaches give essentially equivalent results. This allows
one to relate the parameters in the perturbation theory to the equilibrium constant
and hence greatly improves its utility for real systems. All three theories are compared

with simulation data.

Introduction

Species that form hydrogen bonds often exhibit unusual
thermodynamic behavior. In pure fluids, strong attractive in-
teractions between like molecules result in the formation of
molecular clusters that have considerable effect on the ther-
modynamic properties of the species. For example, water, which
has four hydrogen bonding sites per molecule, has a boiling
point that is much higher than the boiling point of neon, which
is of approximately the same size and mass as water, but does
not hydrogen bond. In mixtures, hydrogen bonding interac-
tions can occur between molecules of the same species (self-
association) or between molecules of different species (sol-
vation). These interactions strongly affect the properties of the
mixture. For example, strongly self-associating components
usually exhibit liquid-liquid immiscibility with compounds that
do not hydrogen-bond.

Probably the first attempt to describe associating systems
was by Dolezalek (1908), who postulated that hydrogen bonds
result in a series of equilibrium chemical reactions such that
new species are formed in the system. In what has become
known as chemical theory, equations are written for the chem-
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ical equilibria in terms of temperature, density, composition,
and the equilibrium constant. If the system behaves relatively
ideally, except for the effect of the hydrogen bonding (that is,
the system behaves as either an ideal gas or as an ideal solution),
the equilibrium expressions can readily be solved to give so-
lution properties including phase behavior. Simple chemical
theory has been successful in describing solution properties for
many real systems (Acree, 1984; Prausnitz et al., 1986).

When the system is at conditions where ‘‘physical” forces
also must be considered, one must solve the expressions for
phase equilibria and chemical equilibria simultaneously, usu-
ally by a trial-and-error numerical procedure. Renon and
Prausnitz (1967) and Wiehe and Bagley (1967) used chemical
theory to describe the vapor-liquid equilibria and excess func-
tions for mixtures of alcohols with hydrocarbons. In both
analyses, it was assumed that alcohols obey an infinite equi-
librium model and that the hydrocarbons do not self-associate
or solvate. Similar calculations for hydrogen bonding systems
with more than one associating component have been per-
formed (Gmehling et al., 1979; Wenzel et al., 1982; Nagata,
1985). If there is more than one associating component in the
system, this approach becomes cumbersome.
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Heidemann and Prausnitz (1976) showed that it is possible
to solve analytically for the chemical equilibria within the equa-
tion of state so that the conditions of the phase equilibria can
be solved directly; this has led to the development of several
new equations of state for hydrogen-bonding systems. Ikon-
omou and Donohue (1986, 1988) applied this approach using
the perturbed-anisotropic-chain theory (PACT) and obtained
a closed form equation of state, the associated-PACT
(APACT). Because of the assumptions made in the develop-
ment of APACT, the resulting hydrogen bonding terms are
very simple mathematically. Recently, APACT was extended
to a more general association scheme that accounts explicitly
for the acidic and basic properties of each component in the
mixture (Economou et al., 1990). Elliott et al. (1990) simplified
APACT to obtain a simple equation of state for associating
systems that is cubic for nonassociating components and has
only three real roots for associating components. Anderko
(1989a,b) has proposed a closed-form equation of state for
hydrogen bonding systems that uses an approach similar to
APACT. Panayiotou (1989, 1990) combined chemical theory
into the Sanchez-Lacombe equation of state (Sanchez and La-
combe, 1976; Lacombe and Sanchez, 1976), a lattice fluid
theory, to describe thermodynamic properties and phase equi-
libria of pure alcohols and mixtures of alcohols with alkanes.
His hydrogen bonding expressions are similar to those derived
by Heidemann and Prausnitz (1976) and by Ikonomou and
Donohue (1986).

Lattice fluid theories also are used to describe specific in-
teractions in liquid mixtures. Originally proposed by Guggen-
heim (1945, 1952), quasi-chemical theory is used widely to
model nonrandom mixtures (Wilson, 1964; Renon and Praus-
nitz, 1968; Abrams and Prausnitz, 1975; Vera et al., 1977).
Panayiotou and Vera (1980) proposed explicit expressions for
local surfaces and local compositions based on quasi-chemical
theory and incorporated these expressions into an equation of
state (Panayiotou and Vera, 1982). This equation was rederived
for a multicomponent mixture and used for vapor-liquid equi-
librium calculations and for solubility calculations for poly-
mers in supercritical fluids (Kumar et al., 1987). Recently, this
equation was recast as a group contribution lattice fluid equa-
tion of state (High and Danner, 1990). More recently, Pana-
yiotou and Sanchez (1991) modified the Sanchez-Lacombe
equation of state to account explicitly for hydrogen-bonding
interactions. Unlike the chemical theories that focus on the
distribution of associating species, their approach, which is
similar in nature to quasi-chemical theory, counts the number
of bonds between functional groups by defining a ‘‘chemical”’
partition function.

Physical theories for associating systems has advanced in
the last decade by the use of statistical mechanical methods.
Andersen (1973, 1974) formulated a theory for hydrogen bond-
ing in dilute gases and in dense liquids using Mayer’s cluster
expansion theory. Cummings and Stell (1984) derived an an-
alytical solution for the chemical association A + B=AB in the
Percus-Yevick approximation, and Cummings and Blum (1986)
solved the Ornstein-Zernike equation for nonspherical mole-
cules with anisotropic surface adhesion. Recently, Olaussen
and Stell (1991) presented an ‘‘exact’’ statistical mechanical
approach to solve the chemical association problem.

A similar approach is to use a perturbation theory with a
potential function that would be expected to mimic hydrogen
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bonding. Wertheim (1984, 1986a-c, 1987) developed a model
for systems with a repulsive core and multiple attractive sites
capable of forming chains and closed rings. Using integral
equations and the perturbation theory, Wertheim expanded
the Helmholtz free energy in a series of integrals of molecular
distribution functions. Many of the integrals are zero, and so
a resummed cluster expansion was obtained. This result also
was obtained by Andersen (1973, 1974) in his analysis for
hydrogen-bonded fluids. Recently, Stell and Zhou (1989) de-
rived a model for hydrogen bonding in ionic fluids that also
is equivalent to Wertheim’s perturbation theory. Gubbins and
coworkers (Jackson et al., 1988; Chapman et al., 1988, 1990)
simplified Wertheim’s theory using only first-order thermo-
dynamic perturbation theory (TPT-1) which allows chainlike
and treelike clusters but not closed loops. The resulting theory
is in good agreement with molecular simulation data (Jackson
et al., 1988). Recently, an equation of state has been proposed
based on TPT-1, the statistical associating fluid theory (SAFT)
that is useful for phase equilibrium calculations of associating
mixtures (Chapman et al., 1990; Huang and Radosz, 1990,
1991).

In this work, we examine equations of state for associating
fluids from chemical theory, quasi-chemical theory, and per-
turbation theory. The physical assumptions and mathematical
bases of these theories are quite different. Hence, one would
expect them to have different behaviors. In fact, it has been
said (Joslin et al., 1987) that Wertheim’s perturbation theory
“treatment is distinguished from earlier ‘chemical’ theories of
association by a precise statistical-mechanical definition of
what constitutes a monomer, dimer, etc. In contrast to these
other theories, which are by essence largely empirical in nature,
Wertheim’s theory is completely deterministic.”” It, however,
is likely that more traditional thermodynamicists would take
exactly the opposite view. The chemical theories are derived
in a way that relates both the molecular and macroscopic
behavior to experimentally-accessible quantities. Though the
perturbation theories may be deterministic, they are written in
terms of parameters that are not accessible experimentally.
Hence, one is faced with using a ‘‘rigorous’’ theory written in
terms of unknown quantities or a theory that is considered (by
some) to be less rigorous but which can be related to experi-
mental measurements.

The purpose of this article is to show that if chemical theory
and perturbation theory are applied with equal rigor, they give
results that are essentially the same: that is, the analytic expres-
sions derived (though written in terms of completely different
physical parameters) are analytically identical in their func-
tional form and are indistinguishable numerically. Compari-
sons are made with Monte Carlo simulation data. It is shown
that all the three theories agree in their predictions of the
distribution of associating species in the system. The Pana-
yiotou-Sanchez quasi-chemical theory, however, does not give
good values for the compressibility factor. This is due to the
deficiencies in the Sanchez-Lacombe equation of state (Vi-
malchand and Donohue, 1989) and not in the quasi-chemical
description of the hydrogen bonding.

Equations of State Using Chemical Theory

As discussed in the Introduction, most applications of chem-
ical theory either assume that molecular interactions in the
system result only from hydrogen bonding or that physical
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interactions can be accounted for separately. When physical
interactions are ignored, simple chemical theory is used to
describe the thermodynamic properties of the system. When
physical interactions are considered, the equations for chemical
equilibria and physical equilibria usually are solved simulta-
neously by a trial-and-error procedure. Heidemann and Praus-
nitz (1976) showed that it is possible to solve for the chemical
equilibria analytically and combine the results into the equation
of state to solve for phase equilibria.

The Heidemann and Prausnitz (HP) approach has been ap-
plied to a number of different equations of state and for a
number of different reaction schemes (Ikonomou and Dono-
hue, 1986, 1988; Anderko, 1989a,b; Economou et al., 1990;
Elliott et al., 1990). To familiarize the reader with the concepts
and the notation, we review briefly the derivation for a com-
ponent with one and two hydrogen-bonding sites per molecule.

In the case of a component M with two bonding sites per
molecule, it is assumed that linear chains, (such as dimers and
trimers) can be formed according to the chemical equilibria:

M1+M1=M2
M,+ M, =M,

M+ M =M, ¢y

While there is spectroscopic evidence that many real com-
pounds (such as alcohols) form cyclic species in addition to
the linear species (Liddel and Becker, 1957; Becker et al., 1958),
in the Heidemann and Prausnitz analysis, in APACT (Ikon-
omou and Donohue, 1986), and in many other models
(Kretschmer and Wiebe, 1954; Acree, 1984; Painter et al.,
1989), it is assumed that only linear association species are
formed according to the chemical equilibria described by Eq.
1. The addition of other chemical equilibrium, and hence other
equilibrium constants, complicates the problem and thus usu-
ally is avoided.

For linear chains, the true number of moles, 77, and the
number of moles that would exist in the system in the absence
of any association, #,, are:

@©
Nr=mtmEny =0 )]
i

co
n0=n,+2n2+3n3+-~+in,-=2in,~ 3)
i

where #;is the number of moles of the i-mer. The mole fractions
of the associating species are defined as:

n;
Z=t )
nr

Conservation of mass requires that the total number of moles,

nr, and the superficial number of moles, n, are related through
the expression:

TS )

nr

The quantity n;/n, is a measure of the extent of the association.
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In the absence of any association in the system, n;/n, is unity,
whereas for strongly associating species n;/n, is always less
than unity. The chemical equilibria in Eq. 1 must obey the

expression:
Dir1 Zin AH® AS°
Ki=—— —=exp{ ~———+— (3
o\P 22 p( RT R ©)

where the ¢’s are fugacity coefficients, AH® is the standard
enthalpy of association, and AS° is the standard entropy of
association. In the HP equation of state as well as in APACT,
the simplifying assumption is made that the equilibrium con-
stant K; is independent of the degree of association
(K,=K;= - =K). The fugacity coefficients can be calculated
through classical thermodynamics (Prausnitz et al., 1986), ac-
cording to the equation:

In¢ Sm[ ! (ap) ! dV—InZ @
i = Sl o ey —In
v | RT\dn; TV vV

To evaluate the partial derivative in Eq. 7, an equation of state
is needed. Heidemann and Prausnitz used a Carnahan-Star-
ling-van der Waals-type equation of state to calculate the fu-
gacity coefficient in Eq. 7. The ratio P¢$,¢,/¢,,, finally is
obtained (Heidemann and Prausnitz, 1976):

P¢1¢i=ﬁz
b1 M

RTpet 8)

where p is the density, p=1/v,. In Eq. 8, g is a function of
density and depends on the equation of state used to evaluate
the fugacity coefficients and on the expressions used to cal-
culate the equation-of-state parameters for the association spe-
cies from the parameters for the monomer species. Heidemann
and Prausnitz (1976) used the simple one fluid van der Waals
mixing rules for both the size parameter, b, and the energy
parameter, a. These mixing rules result in the following expres-
sion for g (Heidemann and Prausnitz, 1976):

4939
g="n3r
(1-7)

®

where 7 is the reduced density. The expression from Eq. 8 is
substituted back to Eq. 6. From Eq. 6, an expression for z; in
terms of z; can be obtained by applying this equation to the
formation of dimer, trimer, etc. The result is:

i—1
n .
Z= (K—T RTpeg> z (10)
ny
The expression for z; is substituted back to the material balance
expression (Eq. 5) to give:
n = n i-1
0 . T i
—_—= K—RTpe? { 11
pe S (i) 5o

Another equation can be written based on the constraint

iz,=1:
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i—-1
Z(K”—TRTpeg> =1
no

i

(12)

Equations 11 and 12 are solved simultaneously for z, and
ny/ny, and the result is:

nr_ 2

Ny 14+~/1+4KRTpe®

(13)

The mole fraction of monomers (based on the superficial num-
ber of moles) is:

n nr 2
=4 = (14)
Ny Ny 14+2KRTpeé+~/1+4KRTpe

Finally, the equation of state is given in terms of the com-
pressibility factor, Z, from the expression (Heidemann and
Prausnitz, 1976):

PV

Z= = 1 +ZﬂSSOC+ZTep+ZalU’ 15
nRT (15)
where
Zassoc___n_T_l (16)
ny

4-2
R (17)

ng (1-7)

attr a

= _Eﬁn(l —dn) (18)

For compounds with two hydrogen-bonding sites per molecule
ny/ny= (n,/n,)"?, and so Z*** is obtained from Eqs. 14 and
16:

172
Z/3s80¢ (ﬂ) —1= —%pKRTeg (19)
0

In APACT, the derivation is similar to the derivation de-
scribed for the HP equation of state. The number of moles
are defined according to Egs. 2 and 3 and the equilibrium
constant is defined as in Eq. 6. The perturbed anisotropic chain
theory (PACT) of Vimalchand and Donohue (1985) was used
to calculate the fugacity coefficient in Eq. 7. The molecular
parameters for the associating species are calculated based on
the parameters for the monomers using simple linear relations.
One-fluid van der Waals-type mixing rules are used for mix-
tures. The particular expressions used in APACT result in a
zero value for g in Eq. 8 over the whole range of density. If
one relaxes, however, some of the assumptions made in the
original derivation of the APACT, a nonzero function for g
is obtained (Elliott et al., 1990). Finally, the expression for z,
and n;/n, is given from Eq. 13, and the expression for n,/n,
is given from Eq. 14, where g=0. The equation of state in
terms of the compressibility factor, Z, is given from Eq. 15,
where Z%* is calculated from Eqgs. 16 and 19 and:
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n_r<c>n(4—2n)

Zrep =
ny (1- 71)3

20)

Zam — ZLJ+ Zani (21)

Lennard-Jones and anisotropic interactions are calculated
using a perturbation expansion (Vimalchand, 1985). In this
article, we present results for hard spheres with one or two
hydrogen-bonding sites. Therefore, the attractive term of the
equation of state is neglected. In Eq. 20, {c) is 1/3 the number
of external degrees of freedom of the molecules. A linear
mixing rule is used to calculate (c):

<C>=§:Zici

(22)

To keep the equation simple, [konomou and Donohue (1986)
made the assumption that the ¢ parameter of an /-mer is simply
¢;=lc,, so the repulsive compressibility factor becomes asso-
ciation-independent:

7= 1220 (23)
1-n

Panayiotou (1989) derived Eq. 13 for n;/n, and Eq. 14 for
n,/n, independently using a completely different thermody-
namic formalism. The resulting expressions were incorporated
into the Sanchez-Lacombe equation of state.

For compounds with one hydrogen-bonding site per mole-
cule, chemical equilibria between the acting sites result in the
formation only of dimer species. The equilibrium between
monomers and dimers is described by the expression:

- 9
P zi

The ratio of fugacity coefficients again is evaluated using Eq.

7, and z, can be expressed in terms of z;. The material balance

is of the form:

n
2=z,+2z (25)
nr

and is solved simultaneously with the equation:

L1+ 2= 1 (26)
to obtain the result:
. g1
nr_ 2(KRTpe ) i a7
ny 4KRTpef—1—~/1+8KRTpe*
n
7=2-= (28)
nr

From Eqgs. 27 and 28, an expression for n,/n, is obtained:

Mot = 2 29)
Hy My 1++1+8KRTpe®
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The association compressibility factor, Z***, for one hydro-
gen-bonding site per molecule is obtained through Egs. 16, 27
and 29:

30

For the case of a component with two bonding sites per
molecule, the two sites are distinguishable, namely site 4 and
site B, and only bonding of the type 4 — B is allowed. For
these systems, when two molecules hydrogen-bond to form a
new species, two different equilibrium constants should be
defined depending on which sites of the two molecules interact.
Hence, for a pure component with two bonding sites, molecules
may be indistinguishable, and the equilibrium constant defined
in Eq. 6 is twice the equilibrium constant for the component
with one bonding site. An extensive discussion on this issue is
given by Economou et al. (1990).

Equations 24 through 30 were derived based on the APACT
(Ikonomou and Donohue, 1986). However, if one applies the
monomer-dimer equilibria to the HP equation of state, the
same expressions for n;/ny (Eq. 27), for z, (Eq. 28), for n,/n,
(Eq. 29) and for Z***° (Eq. 30) are obtained. The only differ-
ence between the two equations of state is that in APACT ¢
is zero, whereas for HP g has a nonzero value given by Eq.
9. In APACT, the repulsive compressibility factor is given
from Eq. 20, and it can be shown (Ikonomou and Donohue,
1986) that it is association-independent, whereas in the HP
equation of state Z™ is given from Eq. 17 and is association-
dependent.

Elliott et al. (1990) showed that the extent of hydrogen
bonding calculated from the chemical theory is numerically
equivalent to that calculated from the perturbation theory, if
the assumption made by Ikonomou and Donohue (1986) about
the variation of the parameter ¢ with the extent of association
is relaxed. In this equation of state, referred to as ESD here-
after, they did not make any @ priori assumption about the
variation of ¢; with i. Instead, c; was calculated from the expres-
sions used for the other molecular parameters for the asso-
ciating chains. Finally, the ESD equation of state is given from
Eq. 15 where Z*¥ is calculated from Eq. 16 and:

4
9.49g7Y
allr___ — 2
z 1+1.7745Yy 32

where g is a shape parameter and Y is given by Elliott et al.
(1990). Both the repulsive and the attractive terms in the ESD
equation of state are association-independent. The ESD equa-
tion of state derivation for associating systems was based on
the approach used in APACT, and as a result the expressions
for ny/ny, ny/ny and z; are identical to the expressions derived
for APACT and are not repeated. The only difference is the
functional form of g which depends on the physical terms of
the equation of state and on the mixing rules. In ESD, gis a
nonzero function given by:

g=—In(1.0~1.9) 33)
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In this work, we also relax the assumption about the c;
parameter being equal to ic; and rederive APACT. We have
determined values for the parameter ¢ for chains of various
lengths from the generalized Flory-dimer (GF-D) equation of
state of Honnel and Hall (1989). The expression for ¢, derived
from this procedure is:

¢=c+0.8(- 1), (34)
The resulting equation is referred as APACT-2 and is given
from Eq. 15. The association and the repulsive term in Eq. 15
are modified as follows. For compounds with two hydrogen-
bonding sites per molecule, the association term is given from
Eq. 19 and the mole fraction of the monomers is given from
Eq. 14. However, g is a nonzero function for APACT-2. It is
evaluated from Eq. 7 and given by the expression:

4n 37’

2=02¢,—— =2y

(35)

In addition, the repulsive term is calculated through Eqgs. 20,
22, and 34:

2 0.8

Zw=c, "—T +0.2

1—Kzl RTpegl Kzl RTpeg

(4 —2y)

CE

For compounds with one hydrogen-bonding site per mole-
cule, Z*** is calculated from Eq. 30, and n,/n, is calculated
from Eq. 29, where the g function is given from Eq. 35. The
repulsive term in the compressibility equation is given from
the expression:

n(4—27)

a7

™=z, — <1+18Kzl 'RT eg>

In APACT-2, the repulsive term in the compressibility expres-
sion becomes association-dependent (Egs. 36 and 37) in con-
trast with the original APACT where only Z***° is association-
dependent. The attractive term in APACT-2 is modified ac-
cording to the assumption made in Eq. 34 and becomes as-
sociation-dependent as well. The Z*" term for APACT-2 is
not given here, since this work is concerned only with hard
spheres with hydrogen-bonding sites.

By setting the fugacity coefficients equal to unity in Eq. 6,
the ideal gas equilibrium constant is obtained. In addition, in
the ideal solution theory the equilibrium constant is written in
terms of molar concentrations. For both cases, the derivation
for ny/ny, and n,/n, for components with one and two bonding
sites per molecule results in the same expressions as the other
chemical theories. However, g has a zero value over the whole
range of density. As a result, the expressions obtained from
APACT, ideal gas law, and ideal solution theory are identical
for these quantities. However, there is a fundamental differ-
ence between these approaches. The result g =0 in APACT is
not an @ priori assumption, but it is a result of the mixing
rules and of the particular assumptions made in the derivation

Vol. 37, No. 12 1879



of the equation. By relaxing some of these assumptions, a
nonzero value for g is obtained. On the other hand, in the
ideal gas calculations the fugacity coefficients are set equal to
unity because of the ideal gas assumption, and this results in
a zero value for g. Finally, in the ideal gas law the repulsive
and the attractive contribution to the compressibility factor,
Z™ and Z®V, are zero, and only Z*** has a nonzero value
given by Eq. 16.

Quasi-Chemical Theory of Hydrogen Bonding

Quasi-chemical theory was introduced by Guggenheim (1945,
1952) to describe nonrandomness in mixtures. In this context,
hydrogen bonding, which introduces strong specific interac-
tions to the system, should be described quite well by the quasi-
chemical approach. However, hydrogen bonding is not distin-
guished from the other types of specific interactions such as
polar interactions, and hence it is not treated explicitly in the
resulting equation of state.

Recently, Panayiotou and Sanchez (1991) incorporated hy-
drogen bonding into a lattice model, specifically the Sanchez-
Lacombe equation of state (Sanchez and Lacombe, 1975; La-
combe and Sanchez, 1976) using an approach that is similar
in nature to the quasi-chemical theory. Their basic assumption
is that intermolecular interactions can be divided into physical
and chemical (hydrogen bonding) interactions. As a result, one
can write the partition function as a product of a physical term
and a chemical (association) term:

Q: QphySQassoc (38)
The physical term is the usual Sanchez-Lacombe expression,
whereas the chemical term is evaluated by calculating the total
number of ways of distributing the hydrogen bonds among
the different functional groups of the system by preserving the
total hydrogen-bonding energy. In the Sanchez-Lacombe-
Panayiotou (SLP) equation of state, a distinction is made
between the proton donor groups and the proton acceptor
groups. The chemical partition function at temperature 7 is
written as (Panayiotou and Sanchez, 1991):

Ny 1Nt

7\ """
¢ =<m> Nyl

GaSSOC T
v HHexp( A /RT) (39)

where
rN = total number of molecular segments in the system
N, = total number of hydrogen bonds
N} = total number of donor groups of type i
NI = total number of acceptor groups of type j that is not hy-
drogen-bonded
N, = number of donor groups of type i
N,; = number of acceptor groups of type j that are not hydrogen-
bonded
AGZ* = total Gibbs free energy change of hydrogen bonding
N;; = total number of hydrogen bonds between donor group of

type i and acceptor group of type j

There are m types of proton donor groups and n types of
proton acceptor groups in the system, and:
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(40)

Nip= Z':dx{‘Nk_ iNij
k j

(41

t m
Noy=2 @iNe= 2N
k i

where ¢ is the total number of components in the system.
The Gibbs free energy is evaluated based on the maximum
term approximation and then is minimized with respect to
reduced volume and each of the N;. Minimization of G with
respect to reduced volume leads to the equation of state. The
resulting equation of state (SLP equation of state) can be
expressed in terms of the compressibility factor and is given
by Eq. 15. Unlike the chemical theories, in the SLP equation
of state the number of hydrogen bonds is calculated rather
than the number of the associating species. However, it is
straightforward to calculate the ratio n,/n, for chain molecules

(noncyclic species). It is: Ny=n,—ny and so:
N, n
JH_ T 42)
n No

and finally Z*** is given from Eq. 16, and Z"" and Z*" are
given from the expressions:

zrep:{ _%ma —m- 1} “3)

rm
Zattr = 44

7 (44)
Minimization of G with respect to N;; leads to the following

expression (Panayiotou and Sanchez, 1991):

(o) (- S

exp(AG”s‘”/R T)
(45)

Equation 45 can be applied for any number of components
with different numbers of proton donor and proton acceptor
groups per molecule. In the case of a pure component with
one donor group and one acceptor group per molecule, there
is only one type of hydrogen bonds in the system, and Eq. 45
simplifies to:

(N-Ny)’= Nn — exp(AGl D /RT) (46)

Equations 42 and 46 result in the following expression for
ny/ng:

ny 2

Ny o
1+ /l+4KpT

where K = exp(— AG{{**°/RT) is defined as the equilibrium con-
stant for the hydrogen-bond formation. Based on quasi-chem-
ical theory, Guggenheim (1952) derived an expression for the
nonrandomness in a mixture that is of the same functional
form as Eq. 47.

47
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For this system, the probability of finding a nonbonded site
is equal to 1 — Ny/n,, and so the mole fraction of monomers,
which is equal to the probability of finding a molecule with
both of its sites nonbonded, is given by the expression:

2
o (1 —Iﬁ’) 48)

From Eqs. 42 and 48, one obtains:

2
m_ <"_) _ 2 )
ny N "

*
1+2kp S + /1+41<p”—
r r

Therefore, Eqs. 16, 47 and 49 result in the following expression
for 7

*
Zassoc _%LpK‘_)r_ (50)
0

The formalism of the SLP equation of state cannot be ap-
plied to components with one hydrogen-bonding site per mol-
ecule, because a distinction has to be made for the type of the
bonding site and so self-association is not allowed. For com-
ponents with more than two associating groups per molecule,
Eq. 45 results in expressions that do not have an analytic
solution, in general. In that case, the expressions for n;/n, and
n,/n, can be evaluated numerically.

Physical Theories of Hydrogen Bonding

Cummings and Stell (1984) presented a statistical mechanical
analysis of the chemical reaction of the type A+ B=AB. To
model the dimer formation, they used a hard sphere potential
for the A — A and B — B interactions and a square well potential
for the A — B interactions that allowed only dimer formation
and precluded formation of higher chains. Their model has
an analytic solution in the Percus-Yevick approximation, and
the equilibrium constant for the reaction could be expressed
using statistical mechanical arguments.

Wertheim (1984) used a similar approach but developed
equations that are much more general. He treats hydrogen
bonding by perturbing a hard-core with off-center attractive
sites. This pair potential model between molecules 1 and 2 is:

o(r, wy, w)=dg(r, wy, w2)+ZZ¢AB(r’ w, @) (51)

Ael’ Bel’

where r denotes the magnitude of the vector r connecting the
centers of molecules 1 and 2, and w,, w, denote the orientations
of molecules 1 and 2 relative to vector ». The repulsive part
of the potential, ¢z(r, w,;, w,), represents the interactions be-
tween two hard cores. The hydrogen-bonding potential, ¢,z (7,
wy, wy), is purely attractive, ¢, 5(7, w;, w,)<0, and is modeled
as a square well potential with an energy depth of —e 5. A is
an attractive site on molecule 1, and B is an attractive site on
molecule 2. " denotes the set of all independent attraction sites
per molecule. This potential imposes various types of steric
incompatibilities described in detail by Wertheim (1984) and
Jackson et al. (1988).
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Using this model potential, Wertheim developed a ther-
modynamic perturbation theory for compounds with one or
multiple association sites per molecule. The reference system
was the hard-sphere system. For a pure component with M
attractive sites per molecule, the Helmholtz free energy due to
association is given by the expression (Jackson et al., 1988):

ABSSOC XA 1
NkT—ZF:(lnXA-—2—> +3M (52)

where X, is the fraction of molecules not bonded at site A, N
is the total number of molecules, k is the Boltzmann constant,
and T is the temperature. The quantity X is calculated from
the mass-action equation according to the expression:

-1
Xy= <1 + ZPXBAAB> (53)

BeT

where p=N/V is the total density, and A, is defined as:

Ayp= ggr(ra wi, WMfap(r, wi, wd(r, w, w) (54)

where g, (7, w;, w,) is the reference fluid pair correlation func-
tion, f,g(r, w;, w;) is the Mayer f~function defined as f,5(r,
Wy, wy) =expl— ¢ p(r, w;, w)/kT]—1, and the integration is
performed over all orientations and separations of molecules
1 and 2. A, is a key function in Wertheim and subsequent
analyses characterizing the association strength. Jackson et al.
(1988) simplified the expression for A,z and derived the fol-
lowing approximation that is applicable over the whole range
of density:

Aup=4ngus(0™) Vaplexplean/kT) — 1] (55)

where Vg is the association volume of the component, and
gus(a™) is the contact value of the distribution function for
the hard-sphere reference fluid given by:

2_
gus(0") =3 ! (56)

(1—»y

where 5= (N,,7/6)omd’ is the reduced density, N,, is the Avo-
gadro number, m is the number of segments per molecule, and
o is the temperature-independent diameter of the spherical
segment. In SAFT (Chapman et al., 1990; Huang and Radosz,
1990), a temperature-dependent hard-sphere diameter, d, is
defined based on ¢, and the temperature dependency of A,z
becomes slightly more complicated. In general, the solution
for X, in Eq. 53 is found using an iterative procedure. How-
ever, for some special cases, an analytic expression for X, can
be derived (Jackson et al., 1988; Huang and Radosz, 1990).
The analytic expressions for one and two bonding sites per
molecule are discussed later in this article.

The equation of state in terms of the compressibility factor,
Z, is obtained from the expression for the Helmholtz free
energy, and it can be written, as before, as a sum of the
contributions from the ideal gas term, association interactions,
repulsive interactions, and attractive (dispersion or mean field)
interactions as given by Eq. 15, where
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where Eq. 58 is a general expression for a chain molecule with
m the number of spherical segments in the chain. For spherical
molecules, m =1, and the second term in the right side of Eq.
58 vanishes. Dispersion interactions are taken into account in
the equation of state through a simple van der Waals term:

EMFN

Za!lr ——
kT

(59

where €, is a measure of the strength of the mean-field forces
and a characteristic parameter for each component. For prac-
tical engineering calculations, a more complicated expression
is used to take into account the dispersion interactions (Chap-
man et al., 1990; Huang and Radosz, 1990, 1991). However,
it is not the purpose of this article to show the applicability
of the perturbation theory to real systems, and so this expres-
sion is not presented here.

For a system with one bonding site per molecule, X, rep-
resents the mole fraction of the monomers in the system,
X, =n,/ny, and Eq. 53 reduces to:

m (1 )ma,) (60)
P = P 1 AB
Solving this equation, one obtains:

n 2
———————e 61)
Ny 1++144pA,, (

To calculate Z**, the derivative [(dn,/ny)/dn]ry must be
evaluated. After tedious, but straightforward, algebra, one
obtains:

dn,/ng _ 4pA4p 242 —7?

o TN (1+~1T+408,45)V 1 +4pA 4 72— 3n+17)

(62)
and so:
n\’ 2+2p—7*
' —

assoc - 1 A 63

VA <n0> Y AB__2(2_37]+1’2) (63)

For a system with two hydrogen-bonding sites per molecule
A and B, where only bonds of the form 4 —B are allowed,
Eq. 53 reduces to:

Xy=(1+pXp0,45) " (64)

and for X, = Xj, Eq. 64 is the same as Eq. 60, and the analytic
expression for X, is given by:
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2

Xq= (65)

However, in this case, X, is not equal to the mole fraction of
monomers, n,/n,. The first-order perturbation theory (Jackson
et al., 1988) assumes that the activity of one bonding site is
independent of the remaining sites on the same molecule. As
a result, the fraction of the monomers, which essentially is the
fraction of molecules that are not bonded to either of their
sites A or B, is:

n 2

ne 4 208, + V1 + 40A

(66)

The association term in the compressibility factor expression,
Z#* is evaluated as before, and an analytic expression is
obtained:

Zassoc —

(67

Unlike the analytic expressions for X, for one and two
bonding sites per molecule that have been previously discussed
(Jackson et al., 1988), this is the first time that analytic expres-
sions for Z*°° are presented. Based on these expressions, one
can appreciate the similarity of the perturbation theory to the
chemical theory and quasi-chemical theory.

Huang and Radosz (1990) derived analytic expressions for
X, for various number of bonding sites per molecule and
bonding types. With these expressions, Z*** can be derived
analytically using the procedure described.

Results and Discussion

While it requires a great deal of manipulation to compare
these theories because they are written in terms of different
parameters and are derived in different ways, it is possible to
make direct comparisons, as shown in Table 1. Shown are
expressions for n,/n,, and for the association contribution to
the compressibility factor, Z**°¢, for APACT, SAFT, and SLP.
Equations 29 and 14 give n,/n, for one and two bonding sites
per molecule, respectively, from APACT. Equations 61 and
66 give n,/n, for one and two bonding sites per molecule from
SAFT, and Eq. 49 gives n,/n, for two bonding sites per mol-
ecule from SLP. In addition, Egs. 30 and 19 give Z*** for
one and two bonding sites derived from APACT, Eqgs. 63 and
67 give Z*** for one and two bonding sites from SAFT, and
Eq. 50 gives Z*° for two bonding sites from SLP. After a
great deal of algebraic manipulation, it is shown that the func-
tional form of the expressions derived from APACT and SAFT
are identical. Elliott et al. (1990) were the first to show that
the chemical and perturbation theory give numerically equiv-
alent results. However, this is the first time that the two theories
are proven to be analytically equivalent also. In addition, the
expressions derived from SLP for compounds with two bond-
ing sites per molecule are the same as the expressions from
APACT and SAFT. However, the formalism of SLP does not
treat the case of a component with one bonding site that self-
associates. Although there are no real components that have
one site per molecule and are capable of self-association to
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Table 1.

Comparison of the Expressions for 7,/n, and Z*** in APACT, SAFT, and SLP for Compounds with One and Two

Hydrogen-Bonding Sites per Molecule*

n,/ng

Zassoc

1 Bonding Site

2 Bonding Sites

1 Bonding Site 2 Bonding Sites

2 2 n\* K” n,
APACT (=) o= - (=) ok
1++/1+4pK" 14 20K’ +/1+4pK’ n) "2 ng
2 2 n\? A’ n
SAFT — N S— (%) 5 (™) ,a
14114400 14208’ +~/1 +4pA <n0) 2 )’
2
SLP — _ —<1'-’)pK*
1+2pK"+\/1+4pK“ o,

*In APACT, it is K’ = K RTe® and K” =2K RTe. In SAFT, the subscripts in A were omitted for simplicity and A’ = Af(n) where f(5) =Q2+2n-7)/(2— In+7).

In SLP, it is K* = K.
r

dimers, carboxylic acids are often modeled as such.

In the expressions given in Table 1, density appears explicitly
in the denominator for n,/n, and in the numerator for Z**°.
In addition, K’, K”, and A are density-dependent. The density
dependence of K’ and K” comes from the e® term (and so K’
and K” for the original APACT are density-independent), and
the density dependence of A comes from the ggs(o*) expres-
sion. The density variation of these expressions is numerically
similar. The density dependency of K’, K”, and A are due to
the fact that chemical and physical terms are coupled in the
equation of state. For the original APACT where chemical
and physical terms are decoupled because of the mixing rules
and for the SLP where the assumption is made that chemical
and physical forces are independent, X', K”, and K*, re-
spectively, are density-independent. The temperature depend-
ence of all the expressions shown in Table 1 is similar. K and
A are given by a Van’t Hoff-type expression in terms of tem-
perature (see Egs. 6, 55 and 47). In addition, temperature
appears explicitly in the expressions for K’ and K” in Table
1. More important, hydrogen bonding is expressed in APACT
and SLP in terms of experimentally measurable quantities,
namely the standard enthalpy and standard entropy of asso-
ciation (Eq. 6). In SAFT, the association is written in terms
of quantities that cannot be measured experimentally such as
the association volume V,; and the association energy €,5. As
aresult, most users would prefer APACT and SLP over SAFT.

Jackson et al. (1988) performed isothermal-isobaric (NPT)
Monte Carlo (MC) simulations for 864 hard spheres with one
or two hydrogen bonding sites. From the simulations, the

compressibility factor, Z, the configurational energy, U,, and
the mole fraction of the monomers, n,/n,, were calculated.
Here, we compare the values obtained from the simulations
with the predictions from SAFT, ideal gas law, APACT,
APACT-2, HP, ESD, and SLP for the compressibility factor
and for the mole fraction of the monomers.

In the simulations performed for the system of hard spheres
with one bonding site, the square well energy depth had a value
of e,5=7kT, and the association volume had a value of
V,.5=1.485x 1074 . For the system with two bonding sites
per molecule, the square well energy depth was e p=S5kT,
whereas the association volume was V,;=2.970 x 10~ %", Since
these calculations were performed using parameters that can-
not be measured experimentally, the equilibrium constants
needed for the chemical and quasi-chemical theories were cal-
culated by fitting the simulation data for n,/n,. In Tables 2
and 3 and in Figures 1 through 4, the results from the simu-
lations are given together with the values obtained from the
various theories described.

In Table 2, results for the mole fraction of the monomers,
n,/n,, are presented for one and two bonding sites per mol-
ecule. In Figure 1 the results for n,/n, for one bonding site
are shown, and in Figure 2 the results for n,/n, for two bonding
sites are shown as a function of the reduced density, 5. At
zero density, no association occurs, and as a result n,/n,= 1.
As the density increases, the association increases, and so
n,/n, decreases. SAFT predictions are in a good agreement
with the simulation data. APACT and ideal gas predictions
are only in qualitative agreement with the simulation data for

Table 2. Mole Fraction of Monomers, n,/n,, from Monte Carlo (MC) Simulations (Jackson et al., 1988), SAFT, Ideal Gas
(IG), APACT-2, HP, ESD, and SLP for Hard Spheres with One or Two Hydrogen-Bonding Sites*
No. of X
Sites 7 MC SAFT IG APACT-2 HP ESD SLP
1 0.1560+0.001 0.632+0.023 0.630 0.576 0.603 0.706 0.634 —
1 0.2608 +0.001 0.490+0.014 0.485 0.490 0.490 0.491 0.490 —
1 0.3409 +0.001 0.394 +0.012 0.396 0.446 0.421 0.330 0.392 —
1 0.4163 +0.001 0.350+0.015 0.323 0.415 0.361 0.196 0.294 —
2 0.1576 £0.001 0.666 +0.014 0.682 0.598 0.632 0.753 0.671 0.598
2 0.2618 +0.001 0.485+0.012 0.497 0.484 0.484 0.485 0.485 0.484
2 0.3398 +0.001 0.391+0.016 0.376 0.426 0.392 0.271 0.353 0.426
2 0.4168 £0.001 0.292 +0.020 0.273 0.382 0.309 0.109 0.221 0.382

* Calculations based on the ideal gas assumption are the same as APACT calculations.
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Table 3. Compressibility Factor, Z=1+ 2"+ Z™", from Monte Carlo (MC) Simulations (Jackson et al., 1988), SAFT, Ideal
Gas (IG), APACT, APACT-2, HP, ESD and SLP for Hard Spheres with One or Two Hydrogen-Bonding Sites

Z=1+42+ 2"

No. of

Sites 7 MC SAFT IG APACT APACT-2 HP ESD SLP
1 0.1560 £0.001 1.700 1.685 0.788 1.745 1.720 1.670 1.704 —
1 0.2608 £0.001 2.778 2.754 0.745 2.991 2.876 2.420 2.813 —
1 0.3409 £0.001 4.225 4.242 0.723 4.674 4.433 3.293 4.566 —
1 0.4163 +0.001 6.817 6.657 0.708 7.338 6.888 4.564 8.613 —
2 0.1576 £0.001 1.692 1.715 0.773 1.745 1.727 1.710 1.719 0.862
2 0.2618 +0.001 2.689 2.698 0.696 2.958 2.821 2.272 2.780 0.855
2 0.3398 £ 0.001 4.039 4.016 0.653 4.573 4.254 2.561 4.429 0.875
2 0.4168 +0.001 6.426 6.278 0.618 7.271 6.618 2.521 8.482 0.912

n,/ny. For low reduced densities APACT underpredicts the
values for n,/n,, whereas for reduced densities higher than
0.25 APACT overpredicts the simulation data. However,
APACT-2 does a good job in predicting the values for n,/n,
and is in good agreement with the simulation data and with
the SAFT for the entire range of reduced density examined,
for both the systems with one and two bonding sites per mol-
ecule. HP calculations are very bad over the entire range of
density both for systems with one and two bonding sites per
molecule. For low reduced densities, HP overpredicts the mole
fraction of the monomer, n,/n,, whereas for high reduced
densities HP calculations are lower than the simulation data.
This is a consequence of the fact the HP’s Carnahan-Starling
repulsive term is adequate only for spherical molecules, and
it does not describe accurately the behavior of the mixtures of
chains that are formed by hydrogen bonding. The ESD pre-
dictions for n,/n; are in good agreement with the simulation
data and with the SAFT and APACT-2 calculations for re-

0 T T T T T T T T T
N\
AN IG
N —-- SAFT
N
AN ——— APACT-2
N
o6 |
o
(=
~ 5
o o4 |
0z
0.0 L L | T BN S
0.0 0.1 0.2 0.3 0.4 0.5

Figure 1. Mole fraction of monomers, n,/n,, as a function
of reduced density, 5, from Monte Cario (MC)
simulations (Jackson et al., 1988), ideal gas
(IG), SAFT, APACT-2, HP and ESD for hard
spheres with one bonding site.

Calculations based on the ideal gas law are the same as APACT
calculations.
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duced density up to 0.4. For higher reduced density, ESD
calculations deviate considerably from the simulation data.
The simulation data have a concave shape, whereas ESD pre-
dicts a convex behavior. Elliott et al. (1990) point out that
their equation is applicable only up to n=0.4 and that it was
derived for engineering calculations where the reduced density
rarely exceeds this value; hence, the inaccuracy of ESD at high
reduced densities is not a practical limitation. Finally, the SLP
results for n,/n, for two bonding sites per molecule are essen-
tially the same with the results from APACT and ideal gas
calculations.

In Table 3, the results for the compressibility factor, Z, are
given from the MC simulations and from SAFT, the ideal gas
law, the two versions of APACT, the HP, the ESD, and the
SLP equations of state. Since the systems examined were hard
spheres with one or two hydrogen-bonding sites, the com-
pressibility factor is given from the expression:

Z=1+2%%+Z™ (68)
1.0
~ T T T
AN —IG
N — - SAFT
08 | NN —_ —o]
N APACT-2
s
06 |-
o
=
~
= 0.4 |
0z |
0.0 .
0.0

Figure 2. Mole fraction of monomers, n,/n,, as a function
of reduced density, 4, from Monte Carlo (MC)
simulations (Jackson et al., 1988), ideal gas
(IG), SAFT, APACT-2, HP and ESD for hard
spheres with two bonding sites.

Calculations based on the ideal gas law are the same as APACT
calculations and as SLP calculations.
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Figure 3. Compressibility factor, Z=1 + Z%° 4 Z'® 3¢
a function of reduced density, 4, from Monte
Carlo (MC) simulations (Jackson et al., 1988),
ideal gas (IG), SAFT, APACT, APACT-2, HP and
ESD for hard spheres with one bonding site.

In Figures 3 and 4, results are plotted for Z as a function of
the reduced density, 5, for one and two bonding sites per
molecule, respectively. Ideal gas law calculations are very bad
over the entire range of density. This is a consequence of the
fact that ideal gas theory ignores the repulsive interactions and
takes into account only the association interactions. As the
density increases, the association increases and the ratio #,/n,
becomes less than unity and decreases.

SAFT predictions show good agreement with the simulation
data. APACT agrees quantitatively with the simulation data
and the SAFT predictions only at low reduced densities, whereas
at reduced densities higher than 0.15 APACT overpredicts the
values for Z. By relaxing the assumption made in the original
APACT concerning the i dependence of ¢;, improvement is
obtained (Elliott et al., 1990). APACT-2 predictions for the
compressibility factor, Z, are in good agreement with the sim-
ulation data and the SAFT predictions over the entire range
of density. HP predictions for the compressibility factor are
bad at moderate and high densities. HP calculated values for
Z are much lower than the corresponding simulation data and
the predictions from the other theories. Moreover, for the
system with two bonding sites per molecule, HP values for Z
decrease for reduced density higher than 0.35. This is a con-
sequence of the very low values for n,/n, predicted by HP (see
Figure 2) for » greater than 0.35.

ESD values for Z agree quantitatively with the simulation
data for reduced densities up to 0.32, but for higher values of
7, ESD predictions are higher than the simulation values. This
deviation is a consequence of the repulsive term used in the
ESD equation of state given by Eq. 31. This expression for
Z™ is not accurate at high densities, but was used by Elliott
et al. (1990) to get a simple cubic equation of state for non-
associating components. SLP calculations for Z fail to describe
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Figure 4. Compressibility factor, Z=1 + Z*55°¢ 4 7' 3¢
a function of reduced density, 5, from Monte
Carlo (MC) simulations (Jackson et al., 1988),
ideal gas (IG), SAFT, APACT, APACT-2, HP and
ESD for hard spheres with two bonding sites.

even qualitatively the behavior of a system of hard spheres
with two bonding sites. The values obtained for Z are less than
unity for all densities and are similar to the values obtained
from the ideal gas assumption. This failure of the SLP equation
of state is due to the inability of the Sanchez-Lacombe equation
of state to describe the compressibility factor of a hard sphere
or a hard chain (Vimalchand and Donohue, 1989).

SAFT (TPT-1) takes into account only chainlike and treelike
species and ignores the formation of closed rings. In additon,
the activity of each bonding site in a molecule is independent
of the other bonding sites of the same molecule. Thus, steric
self-hindrances are neglected. This is a good approximation
for molecules where the angle between two bonding sites is
close to . However, it is bad for molecules where two bonding
sites are close to one another, and bonding on one site prevents
bonding on the other one. Wertheim (1987) developed a sec-
ond-order thermodynamic perturbation theory (TPT-2) to take
into account ring formation and angular dependence of the
bonding of a particular site. TPT-2 results in expressions for
the thermodynamic properties that are more complicated than
those presented here. However, the differences between TPT-
1 and TPT-2 are small, and so the simpler TPT-1 is preferred
(Jackson et al., 1988). A comparison between TPT-1 and TPT-
2 for chain molecules is given by Honnell and Hall (1989).

APACT formalism also takes into account chain formation
but ignores the formation of closed rings. This is done so that
the simplicity of equation of state is retained. However, an
equilibrium scheme for the formation of cyclic species can be
assumed in addition to the infinite equilibrium model (Ikon-
omou, 1987). This increases the complexity of the equations
and the number of parameters in the equation of state (an
additional temperature-dependent equilibrium constant for the
ring formation is needed). For closed rings the expressions,
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derived based on the SLP equation of state are not valid, since
Eq. 42 is valid only for chain molecules.

In general, chemical theory, quasi-chemical theory, and per-
turbation theory differ in the physical approach to the problem
as well as in the mathematical analysis of it. In addition, the
chemical theory has been characterized as ‘‘largely empirical
in nature’’ (Joslin et al., 1987), and hence agreement between
the chemical theory and perturbation theory would not be
expected. However, it is shown in this work that the chemical
theory, quasi-chemical theory and perturbation theory result
in equivalent expressions for hydrogen-bonding systems. The
small differences between APACT-2 and SAFT are due to the
differences in the reference equations of state used. For
APACT-2, the reference equation essentially is the generalized
Flory (GF) equation of state (Dickman and Hall, 1986). Per-
turbed-hard-chain theory (PHCT) (Donchue and Prausnitz,
1978) was derived in a phenomenological way, whereas GF,
which essentially is the same as PHCT, was derived in a more
theoretical way. On the other hand, for SAFT the reference
equation is Wertheim’s repulsive term (Wertheim, 1986b). A
comparison between the GF equation of state and the ther-
modynamic perturbation theory is given by Honnell and Hall
(1989). Finally, the deviation of the results of the SLP equation
of state with the simulation data is due to the inaccuracy of
the Sanchez-Lacombe equation of state for hard spheres and
hard chains. A comparison of the various theories for chain
molecules is given by Vimalchand and Donohue (1989).

Mixtures

For mixtures of associating components, APACT, SAFT,
and SLP give expressions for n,/ny, and for Z*** that are
complicated and in general have no analytic solution (Ikon-
omou and Donohue, 1988; Chapman et al., 1990; Economou
et al., 1990; Panayiotou and Sanchez, 1991). However, for
several specific cases, analytic expressions have been obtained.

For a binary mixture of components M and N, the mole
fraction of monomers M, is defined as: Wy, =n,, /n, where
ny, is the number of moles of monomers M,. For the case
where component M has one bonding site per molecule and
component N has no bonding sites, dimer species of component
M can be formed. In that case, APACT results in the following
expression for W,, (see the Appendix for derivation):

Wy =l (69)

1+ 1+8KRTpe’xy

where x,, is the mole fraction of component M in the absence
of association. From Eq. 69, the mole fraction of monomers
M, with respect to the total number of moles of component
M in the absence of any association can be calculated:

M=M£‘l=ﬁ”= 2 (70)
Ry Mo My Xy 1+~ 1+8KRT pelxy,

where n,, Is the total number of moles of component M in the
absence of any association. In addition, an analytic expression
is obtained for Z**°:
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1+4KRT pelxp+~ 1+ 8KRT petxy,
2
S <@‘—> KRTpe?, (11)

A
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Using SAFT for a multicomponent mixture of associating
components, the mole fraction of species / not bonded at site
A is given by the expression (Chapman et al., 1988):

(72)

-1
Xi= (1 +2 >, ij’éAA,B/)

j Bel'v

where the first sum is over all components j in the mixture
and the second sum is over all sites B in component j. The
density p; of component j is defined as p;=x;0 where x; is the
mole fraction of species j. The association contribution to the
compressibility factor, Z%*°, is given from the expression
(Chapman et al., 1988):

ax, ..
Zassoc — inz o; Z I: (E}%) ; </?IA —5>:| (73)

i AelU}

For the binary system examined, Eq. 72 simplifies to:

-1
n
B <1 + ot AMM> (74)
Nar Npr
Solving the latter, one obtains:
2
B = (75)

M 1+~ 4+ 4pArppxs,

Equation 73 also reduces to the following expression:

1 1 0Ny /Ny
Zassoc — — 1
P <”M|/ oy 2) [XM( dom ) Toon

ONyg /Ny
+ —_— 7
w("55),) oo

After evaluating the derivative, the following expression is
obtained:

2
2 24
Z8S0¢ — <%) o ™ Appnr + pXpr -
My 2 dpur T.on

A
+oxx (a W) (77)
aPN Toon

where

(aAMM and (P
aPM Toon aPN T.om

are given by Chapman et al. (1990).
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Table 4. Binary Mixtures of Components M and N. A comparison of the expressions for Ny /Ny, ny/ny and Z°% in APACT,
SAFT, and SLP*

(1-0)
an/nM an/nN Zassoc
2 Ny, : xﬁi ”
APACT ————— 1 PRl e
144/ 14+4pK" xy, Ny 2
1 Ny, 2 Xy
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1+~/1+ 4phxy ! (nM> P> 84
SLP — - _
(1-1)
nM‘/nM an/nN Zassoc
2 AN 20K’ XXy
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14 pK* (xy—Xpg) +/ (1 + pK* )2 — 4(0K*) 2y oY 14+ pK* +4/1(1 +pK*)? — 4(0K* ) py
2-0)
an/nM an/nN Zassoe
APACT 2 n
1 — 2k K
14 20K 30+ N1 +4pK " X3y Ny
SAFT 2 n
1 —Moxtg(A)
1+ 2pAxp+ N1 +4pAx,, Ny
SLP 2 n
1 ~ 2 ol K
1+20K*xp+/ 1+ 40K *xys Ny

* (a) Component M has one hydrogen-bonding site per molecule, whereas component N has no bonding sites (1 — 0); (b) both components M and N has one hydrogen
bonding site per molecule (1 — 1); (c) component M has two hydrogen-bonding sites per molecule, and component N has no bonding sites (2—0). In APACT, it
is K'=KRTe* and K" =2KRTe%. In SAFT, the subscripts in A were omitted for simplicity and g(A)= A+ px(3A4/3py) 1.y + PXN(3A/BpN) 7,5, In SLP, it is

K*=Kv*/r.

The formalism used by Panayiotou and Sanchez (1991) to
describe hydrogen bonding using a quasi-chemical approach
cannot be applied to a binary mixture of a component with
one bonding site per molecule and a component without bond-
ing sites. In that case, the lefthand side of Eq. 45 becomes
Zero.

It is obvious that the functional forms of the expressions
for nyy,/ny and Z**°° obtained from APACT (Egs. 70 and 71)
are similar to the functional forms of the expressions for
ny/my and Z°%° from SAFT (Eqs. 75 and 77). In Table 4,
these equations are presented so that a clear comparison can
be made. Calculations based on these theories gave similar
results. In Figure S, calculations are shown for a binary mixture
of two spherical molecules where one of the components has
one bonding site and the other has no bonding sites. n,/n,
from SAFT, ideal gas law (IG), and APACT-2 is plotted as a

_ KynRT pe* (X = xn) — 1 +/ (1 + Ko RTpef)> — 4Ky RT pe*) ey

function of the mole fraction of the associating component
xp. APACT calculations are the same as ideal gas law cal-
culations. The reduced density was set constant at n=0.35.
The molecular parameters for the associating component had
the same value as the parameters used for the pure component
with one bonding site. Good agreement is obtained among the
three models. No simulation data are available for compari-
sons. The deviations among the three equations are smaller at
lower reduced densities.

We examine next the case of a binary mixture of components
M and N, where each of the components has one bonding site
per molecule and only cross-association of the type M~ N is
permitted. In that case, Acid-Base-PACT (ABPACT), an ex-
tension of APACT that takes explicitly into account the acidic
and basic properties of associating components, results in the
following expression for W,, (Economou et al., 1990):

W
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Figure 5. n;/n, as a function of the mole fraction of the
associating component, x,, for a binary mix-
ture of a spherical component with one bond-
ing site per molecule and a spherical
component with no bonding sites from ideal
gas (IG), SAFT and APACT-2.

Calculations based on the ideal gas law are the same as APACT
calculations. The reduced density was constant at 5= 0.35 for all
compositions.

where K,y is the equilibrium constant for the cross-association.
A rearrangement of Eq. 78 results in the following expression
for ny,/ny, the mole fraction of monomers M; with respect
to the total number of moles of component M:

an_ 2

For a binary mixture of components M and N with one
bonding site per molecule for both components and where only
bonding of the type M— N is permitted, Eq. 72 for SAFT
simplifies to:

-1
L. (1 +prﬂAMN> 82)
1Y ny
and
n n !
Mo <1 +pMﬂAMN) (83)
ny Ny

Substituting Eq. 83 to Eq. 82, one obtains:

Pag, _
Ry
2
(84)
1+ Appo (Xy—Xp) + ‘\/(1 + Aynp): — HApne) Xpsxn

and

n AN

Ny Ny

For this binary mixture, Eq. 73 reduces to the expression:

M 14+ KynRT pef (X —Xar) +\/(1 + KywRT pe?)? — 4Ky RT pe) xpxy

For the second component N, the mole fraction of monomers
N, with respect to the total number of moles of component N
is given from the expression (Economou et al., 1990):

W ~1
Iv TN (1 +KMNRTpegxMﬂ> (80)
ny Xy My

An analytic expression also is obtained for the Z*%*° term:

Zassoc —

_ 2Kun RT pefxpyxn
1+ Ky RT pef + /(1 + Ky RT pef) — 4 (K RT pe®) xppn

@81
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where
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are given by Chapman et al. (1990).

For a binary mixture of components M and N where one
of the components has a proton donor group and the other
component has a proton acceptor group, Eq. 45 for SLP model
results in the following expression for Ny/n,:

v*
2K p— XX,
NH_ Pr MAN

Ny o o™\ 2 o\ 2
1+Kp—+ (1+Kp——) —4(Kp—> XpXn
r r r

In that case, the fraction of the monomers of component M
is given from the expression:

(92

93
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94

The corresponding expression for component N is obtained
from Eq. 94 by interchanging the indices M and N. In addition,
the following expression for Z*** is obtained:

*
ZKPTXMXN

* *\ 2 «\ 2
1+Kp2-—+\/<l+va~) —4<va—> Xy
r r r

(93)
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Here again, the expressions for n,, /n, and ny, /ny obtained
from ABPACT (Eqgs. 79 and 80), from SAFT (Eqs. 84 and
85) and from SLP (Eq. 94) are similar. In addition, the expres-
sion for Z*** from ABPACT, given by Eq. 81, is similar to
the expression for Z**° obtained from SLP (Eq. 95). However,
in this case, the expression for Z**° obtained by SAFT (Eq.
86) does not have the same functional form as the expressions
obtained by APACT and SLP. In Table 4, these equations
also are included. Since no simulation data are available for
this type of binary mixture, no quantitative comparisons were
made for the four models, SAFT, ideal gas law, APACT-2,
and SLP. However, based on the results for the other binary
mixtures examined, it is expected that all four models would
be in quantitative agreement.

We examine finally the case of a binary mixture of com-
ponents M and N where component M has two bonding sites
per molecule, defined as sites A and B, and component N has
no available sites capable of hydrogen bonding. As for the
pure component with two sites per molecule, only bonding of
type A — Bis permitted. For APACT, it is shown that the mole
fraction of monomers M, with respect to the total number of
moles of component M is given from the expression (see the
Appendix for derivation):

My, 2
1+ 2KRTpe*xy+~ 1+ 4K RT pelxy,

(96)

After algebraic manipulation Z*** can be expressed as:

2K RT pex’,

Zassoc —
1+ 2K RT pefxys+ 1+ 4K RT peéxy,

= - IM g RTpetd,  (97)
oY

For this binary mixture, Eq. 72 for SAFT reduces to the expres-
sion:

X =1+ puXiA4p) ! (98)

For X¥=Xx} the following expression is obtained for
Ny /Npgt

2

L T I N | B Py

In addition, Eq. 73 reduces to the expression:
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(100)
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99)
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are given by Chapman et al. (1990).
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Figure 6. n;/n, as a function of the mole fraction of the
associating component, x,, for a binary mix-
ture of a spherical component with two bond-
ing sites per molecule and a spherical
component with no bonding sites from ideal
gas (IG), SAFT, and APACT-2.

Calculations based on the ideal gas law are the same as APACT
calculations and as SLP calculations. The reduced density was
constant at 1=0.35 for all compositions.

For this binary mixture, SLP equation of state results in the
following expression for n,y,/nyy:

My, 2

ot v* v* -
1+2Kp7xM+ 1+4Kp7XM

and for Z**°°:

(101)

v*

)

v* v*
1+2Kp‘;-XM+ 1+4KpTXM

= —%Kp%xil (102)

0]

2Kp

Zassoc - _

The expressions for ny, /ny and Z*** calculated from APACT,
SAFT, and SLP are given in Table 4 for comparison. It is
obvious that the functional form of these expressions are the
same. In Figure 6, calculations are shown for a binary mixture
of spherical components of the same size where one of the
components has two bonding sites per molecule, whereas the
other component has no bonding sites. The reduced density
had a constant value of »=0.35. The molecular parameters
for the associating component were the same as the parameters
for the pure associating component with two bonding sites per
molecule presented in Figures 2 and 4. ny/n, is plotted as a
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function of mole fraction of the associating component, x,,.
APACT and SLP calculations are the same as ideal gas law
calculations. It is clear that SAFT and APACT-2 are in quan-
titative agreement for all compositions. Ideal-gas-law-based
calculations agree only qualitatively with APACT-2 and SAFT.
For smaller reduced densities, a better agreement is obtained
among these equations.

In the case of a binary mixture of components M and N,
where one of the components has two bonding sites per mol-
ecule and the other component has one bonding site per mol-
ecule, ABPACT gives analytic expressions for the mole fraction
of the monomers, ny,, /ny and ny, /ny, and for Z**°° (Economou
et al., 1990). SAFT expressions for 7, /ny, and ny /ny do not
have an analytic solution, and as a result a numerical solution
is needed (Chapman et al., 1990). SLP formalism results in
two coupled quadratic equations that are solved numerically.
For more complicated systems, none of the three models have
an analytic solution for n1y,,/ny and ny /ny, and an approximate
expression or a numerical solution is needed (Anderko, 1989b;
Chapman et al., 1990; Economou et al., 1990; Panayiotou and
Sanchez, 1991).

Conclusions

In this article, we have examined chemical, quasi-chemical
and physical equations of state that take into account explicitly
hydrogen-bonding interactions. The approaches used in de-
riving these equations are quite different. The chemical equa-
tions of state incorporate hydrogen bonding through a chemical
equilibrium scheme. The quasi-chemical equations of state cal-
culate the total number of ways of distributing the hydrogen
bonds among the different proton donor and proton acceptor
groups of the system, and the perturbation equations of state
account for hydrogen bonding through a potential function.
It was shown that all three approaches lead to expressions that
are of the same functional form for pure components and for
mixtures. In addition, by correcting the simplifying assumption
concerning the ¢ parameter in APACT, calculations based on
APACT and on SAFT give results that are in agreement with
simulation data for the compressibility factor of a hard sphere
with one or two bonding sites. Calculations for the compress-
ibility factor from the SLP were not in agreement with the
simulation data and with the other theories because of the
inability of the Sanchez-Lacombe equation of state to describe
qualitatively systems of hard spheres or hard chains.

The equivalence of these theories shows that the chemical
theory is as rigorous as the perturbation theory. In addition,
this equivalence allows parameters in the perturbation theory,
which are written in terms of experimentally unmeasurable
quantities, to be related to the experimentally measurable equi-
librium constant.

For multicomponent systems, the chemical theory can be
written to take into account all the various chemical equilibria
among the components. While this might seem intractable, for
all systems studied to date, the equations derived using the
chemical theory are less complicated than the corresponding
equations from the perturbation theory. Further, in the chem-
ical theory, hydrogen bonding is expressed in terms of meas-
urable quantities that, in principle, can be determined from
spectroscopic studies of the constituent binary mixtures.
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Notation
@ = energy parameter
A = Helmholtz free energy
b = size parameter
¢ = 1/3 number of external degrees of freedom
AGF*™ = Gibbs free energy change of association
AH° = standard enthalpy of association
AS° = standard entropy of association
fag = Mayer f-function
g = function defined in Eq. 8
g, = reference fluid pair correlation function
gus(o™) = contact value of the distribution function
k = Boltzmann constant
K = equilibrium constant
m = number of segments per molecule
M = self-associating component
M = number of association sites per molecule
n = number of moles
N = component N
N = number of molecules
Ny = total number of hydrogen bonds
P = pressure
g = shape parameter
Q = partition function
r = number of segments per molecule
r = magnitude of vector r
R = gas constant
T = temperature
vy = molar volume
v* = characteristic volume
V = volume
V4s = association volume
W, = fraction of the monomers of component M in a mixture
x = mole fraction
X, = fraction of molecules not bonded at site 4
z = mole fraction
Z = compressibility factor
{) = mixture properties

Greek letters

A,p = association strength between sites 4 and B
¢ = molecular energy
n = reduced density
o = molar density
o = segmental diameter
¢ = fugacity coefficient
¢ = pair potential
w = angle
Superscripts
ani = anisotropic
assoc = association
attr = attractive
i = species i
LJ = Lennard-Jones
phys = physical
rep = repulsive

reduced quantity

December 1991 Vol. 37, No. 12 1891



Subscripts
0 = quantity calculated ignoring association
1, 2, ..., i = monomer, dimer, ..., i-mer
a = acceptor
d = donor
MF = mean field
T = true association species
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Appendix

We derive here hydrogen-bonding expressions for APACT
for a binary mixture of components M and N, where com-
ponent M has two bonding sites per molecule and component
N has no bonding sites. There is an error in the derivation
given by Ikonomou and Donohue (1986) for this type of binary
mixture. However, the expressions derived here for W, and
for ny/n, are the same as those given by Ikonomou and Do-
nohue (1986).

In this binary mixture, component M can form dimers, tri-
mers and higher linear species according to the chemical equi-
libria given by Eq. 1. Component N has no bonding sites, and
as a result it behaves as a diluent species in the mixture. The
true number of moles, n;, that exist in the mixture and the
number of moles that would exist in the absence of any as-
sociation, n,, are given from the expressions:

oo
Np=Nn+ Ny +Apg, + My + - -+ =Ny + Z”M (Al)

1
No=Nyn+Npg=Nn+ A + 20, + 30, + - - - + iRy,

=ny+ D iny, (A2

where n,, is the number of moles of species N, n,, is the number
of moles of component M in the absence of any association,
and 71, is the number of moles of the i-mer of component M.
The mole fractions of the association species are defined as:

=" (A3)

The equilibrium constant for the chemical equilibria of as-
sociating species M is defined as:

Ki: ¢M:+1 ZMV"I (A4)

OmPm, P 2p2m,
The ratio of fugacity coefficients is evaluated from Eq. 7 and
it is given from Eq. 8. Finally, z,, is expressed in terms of
2y, according to the expression:
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i-1
n X
= (K;IRTpeg) Zh, (AS)
0

The material balance for component M, n,,= ZinM, can be
written as: i

x o
% ROY: . nr
=D == iz — (A6)
ny — Mo 7 ny

By substituting Eq. A5 into Eq. A6, the following expression
results:

Xp= War A7
M™ (1-KRTpe* Wy)? (A7)
Solving the quadratic Eq. A7 for W,,, one obtains:
2x,
- (A8)

WM=
14+ 2K RTpelxy;+~1+4K RT petx,,

The material balance for the true species given by Eq. Al can
be written as:

nr_ o, Nr
P Z B (A9)
and by substituting Eq. AS, one obtains:
n W,
T=xy M (A10)

+_.—__—
Ny 1—KRTpe* W,

Substitution of the expression for W), into the latter results in
the expression:

n 2x,
‘_T=xN+ M

ny 1++/1+4KRT petxy,

(All)

Further algebraic manipulation based on Eq. All results in
Eq. 97 for Z*°°, Panayiotou (1989) derived Eqs. A8 and A1l
independently for mixtures of alcohols with alkanes. In his
analysis, he used the Sanchez-Lacombe equation of state for
the physical interactions.

For the case where component M has only one bonding site
per molecule and component N has no bonding sites, the de-
rivation is similar. In that case, though, component M can
only form dimer species, and as a result the material balances
should be modified accordingly. The quadratic equation for
W, is of the form:

Xne= Wi+ 2K RT pef W5, (A12)
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and so W, is given from the expression:

2xy
WM=
14+~ 1+8KRTpexy

In addition, the expression for n/n, becomes:

n
L= Xy+ Wy+KRT pe* W,

Ry

and finally:
2x (KRTpefxpy— 1) (A15)

nr
=Xyt o
(A13) ny " 4K RTpexy—1—~/1+ 8K RT petx,,

From Eq. Al5, an expression for Z**° is obtained (Eq. 71)

(Al4)
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